Abstract. Low-pressure gas discharge modelling is reviewed, both from a historical perspective and for current industrial applications. An ovetview of the basic mathematical and physical models used to describe low-pressure discharges is given, together with a summary of the most common numerical techniques which have been adopted. Modelling of the oc glow discharge and discharges maintained by high-frequency (RF and microwave) electromagnetic fields is reviewed, with illustrations of the validity of these models in predicting discharge properties and explaining and interpreting experimental results.
Introduction
Analytic modelling of low-pressure discharges (LPD) has a long and distinguished history. Nevertheless, until recently much of the physical behaviour of these discharges has not been well understood, due to the complex interaction of many of the underlying processes. The advent of fast and accessible computers has led to the development of a large number of numerical models, which have provided insight and understanding into many hitherto unexplained phenomena. A key factor in this development has been the increasing use of LPD for plasma processing, but modelling has also proved to be valuable for other industrial applications, such as lighting and gas discharge lasers.
The literature covered by the title is vast and the task of providing an exhaustive review of all papers relevant to LPD modelling would be a daunting one, so clearly a choice has to be made. A complete LPD model requires three sub-models, treating the particle kinetics, plasma chemistry and surface interactions with walls and electrodes, only the first two of which will be addressed in this review. The emphasis in the present review is on plasma physics for industrial applications. There have been a great number of papers dealing with such fundamental aspects of LPD physics as modelling of electron swarms, which are only referenced in passing. There is also a vast literature regarding solutions to the Boltzmann equation, and only a few of these papers have been discussed in any detail. It is hoped that the choice of papers will give a cohesive picture of the current main areas of interest in LPD modelling.
Even within the plasma physics community, the differences between the physical properties of fusion 0022-3727/92/121649 + 32 $07. 50 @ 1992 IOP Publishing Ltd plasmas, thermal plasmas and LPD are quite large. However, there is an enormous potential for crossfertilization of ideas between these groups, particularly in the area of numerical modelling. In particular, the expertise gained from the development of large computer codes in the fusion community has often not been readily available to researchers in other areas of plasma physics. The aim of this review is both to provide a historical perspective to the development of LPD modelling, and to show the underlying physics and assumptions in these models, in order to help in providing a bridge between different disciplines.
An LPD is defined here to be a weakly ionized plasma, in which the electron temperature is considerably higher than that of any other species in the discharge (i.e. the discharge is far from LTE). It should be noted that there is a class of high-pressure (atmospheric) discharges which are also not in LTE, for example pulsed corona discharges, so absence of LTE is not a sufficient criterion. Models discussed below are for discharge pressures ranging from a few milliTorr to a few Torr. A LPD is characterized by € I N , the ratio of the local electric field E to the local total particle density in the discharge N (which is, to a good approximation, equal to the neutral particle density), or alternatively by € / p , wherep is the total particle pressure, generally assumed to be a constant of the discharge. E / N is commonly measured in Townsend (1 Td = lo-'' V cm2 = 0.354 V cm-' Torr-' at 0 "C) and is a measure of the energy imparted to a charged particle by the electric field over the distance of one mean free path.
A number of review papers and papers containing detailed summaries and comparisons between models in particular areas of this subject have appeared in The mathematical and numerical models commonly used in describing LPD are summarized in sections 2 and 3 respectively. In section 4, the physics and modelling of DC glow discharges is reviewed, including the relatively new field of pseudo-sparks. Radio-frequency and microwave discharges are reviewed in section 5 . In view of the need for numerical models to provide support and insight into the development of plasma technology, details of relevant supporting experimental measurements are discussed where appropriate throughout the text.
Mathematical models

The Boltzmann equation
A distribution function fJ(x, U , t ) may be defined for each species in the discharge, such that 4 d x d o repin the volume in velocity-space defined by x * dx, U du at time t , and which satisfies the Boltzmann equation Iejefiij i h~ fiiim'ier of piitkk~ of S F C~~C S j ~~; t z k~c ! (2.1) where qi and mi are the particle charge and mass, E and B are the local electric and magnetic fields respectively and the operator Ck describes all collisional processes (elastic and inelastic) experienced by the particles of species k resulting in changes to f,.
The Boitzmdnn equation provides the foiindation for much of the modelling discussed in this review. The greatest problem in modelling LPD is the lack of data regarding cross sections, but there has also been great progress in recent years. However, the number of gaseous species remains limited, as can be seen from tables 1 and 2, where the parameters of a number of DC and RF discharges are listed. A large number of models have concentrated on noble gases (He, Ar, Ne) for which a great deal of information on important processes is known.
Most of the papers referred to below contain bibliographies of the sources of data used in their models. Excitation and ionization of atoms by electrons is the major inelastic process in maintaining LPD, but a number of other processes, such as inelastic atom-atom collisions can be important. Electron-molecule and ion-molecule kinetics have been reviewed by Boeuf and Stgur [l] . Radiation between atomic states is a further inelastic process to be included, and a detailed 1650 understanding of radiation transport is particularly important for lighting applications but also for interpretation of spectroscopic diagnostics (see section 4.3). In general, collisions with neutral particles dominate all other elastic processes in LPD. However, other elastic processes can also be important under certain circumstances, especially for electrons. Electron-electron collisions have generally been regarded as negligible for degrees of ionization below lo-'. However, in some noble gases, for example, the electron-atom collision cross section has a minimum at low electron energy (the Ramsauer effect), at which electron-electron [7, 8] and also electron-ion collisions [7] play an important role at much smaller electron concentrations, particularly in RF and microwave discharges. The effect of electron-electron collisions in molecular plasmas in RF fields has been discussed by Winkler et a1 [9].
Moments of the Boltzmann equation
The formalism adopted in this section is broadly that found in Chapman and Cowling [lo] and Ingold [ll] , based on the application of a set of moments of the distribution function n,(ul(u)) = 1 ul(u)f;du. The right-hand side of (2.4) may be defined in terms of an effective 'collision frequency' tensor { u m , } , defined through 2 nc(CkU) = -n , { V , , , , } . U, -Nn,(Q,,(u)u,u) (2.5) k where Q,,(u) is the total cross section for momentum transfer for particles of species j , including collisions with all species (predominantly neutral) in the discharge. For convenience, the moment n,{v,,}. uJ is often replaced by nevm,u,, although it should be noted that vmI may only be regarded as a scalar quantity in the case of isotropic scattering. If collision lengths are where the electric field term in equation (2.6) is responsible for joule heating and the right-hand side includes both elastic and inelastic collisions. Equations (2.3), (2.4) and (2.6) do not form a complete set to describe the plasma behaviour, since each moment equation introduces a new term containing a higher moment and some approximation must be made in order to 'close' the system.
Fluid equations
One method of closing the set of moment equations is to assume that the f j ( x , U ) is separable in real and velocity space (i.e. f j ( x , U ) = nj(x)F(u)) and expand Fj(u) = F,'O)(u){l + g(u)} where F p ) ( u ) is the distribution function in isotropic velocity. One of the best known expansions is the 'thirteen moment' approximation due to Grad (16,101, whereg(u) contains terms in U , uu and U*. Grad chose the distribution function FY'(u) to be a shifted Maxwellian (SMD, [ll] ), defined through a particle temperature T,, where k is Boltzmann's constant and uu is the flow velocity. In most LPD modelling, uu = 0 and the momentum and energy balance equations become a at -{mjnjuj} + V . {mjnjujuj} = -v ' {piui} + v ' {qVT,} + E nk(c,&,) (2.9) k where pi = njkTj is the partial pressure, K~ is the thermal conductivity, and the total random thermal and kinetic energy w j = Inj(miui + 3kTj). In this approximation, the distribution function F(O)(u) replaceshin theintegrals used tocompute collision frequenciesand transport coefficients. The Maxwell energy distribution applies to particles which experience only elastic collisions in the absence of electromagnetic fields. This is a good approximation for ions and other heavy particles in LPD. However, for electrons this is seldom the case, since the electron energy distribution function (EEDF) is deter- It is generally assumed that all heavy particles have the same temperature, equal to the background gas temperature T and the total pressure is p = NkT. If the inertia terms on the left-hadside of (2.4) are ignored (diffusion regime), B = 0 and only isotropic collisions are included, the particle flux is If the only charged particles present are electrons and one species of positive ion, both at constant temperature, the electric field may he eliminated from the equations for ions and electrons, reducing them to the amhipolar diffusion equation [14] , which, if recombination and associative processes are neglected, is
where v i is the effective ionization frequency and D, is the amhipolar diffusion coefficient (2. 13) The electric field satisfies Poisson's equation
14)
where E~ is the permittivity of free space and p = Xqinj is the net space charge, which is generally only significant near walls and electrodes. If time-varying electromagnetic fields are present, then Maxwell's equations must also be satisfied
where po is the permeability of free space, J is the total current carried by the charged particles and E~ dElat is the displacement current.
Numerical methods
Fluid equations
The set of time-dependent fluid equations discussed in the previous section can be written in the general form
where L is a nonlinear operator which includes derivatives in the spatial variable x , and g(x, t) represents the set of independent physical variables describing the discharge. A solution of the time-dependent problem requires a set of initial conditions g(x, 0). The solution to equation (3.1) is advanced in time in discrete steps AY such that t"+' = t" + AI", and g"*' at time t"" is obtained by solving If 0 = 0, the information required to advance the solution depends entirely on the known values f at the previous timestep, Schemes using this approximation are referred to as explicit and equation (3.2) is solved as an ordinary differential equation. If 0 # 0, the righthand side of equation (3.2) also contains information about g " + I and a suitable inversion of the operator L is required. The case 0 = 0.5 is the time-centred CrankNicholson scheme and if 0 = 1 the scheme is described as fully implicit. The operator L may be represented in zero, one, two or three dimensions. In the zero-dimensional case, derivatives a/ax are replaced by l/A, where A represents the scaling length for the processes considered. Equation (3.2) may then be solved by algebraic manipulation to obtain the globally averaged properties of the discharge. For solutions in one or more spatial dimensions, the most commonly applied methods are the finite difference method (FDM) and finite element method (FEM) .
In FDM, the domain is divided into a discrete set of points xi, with a distance between mesh points Axi for each coordinate x. The first and second derivatives of g at point j may then be written in finite difference form by linear interpolation. Explicit methods are generally the simplest to implement, but they are restricted by two limitations on the timestep to ensure stability of the numerical scheme, the Courant-Friedrichs-Levy (CFL) condition [17] At < A.+max
where U,,, is the maximum velocity in the system of equations, and the von Neumann condition [lS] where D, , , is the maximum diffusion coefficient in the system. Numerical stability does not imply accuracy, and in practice the timestep required for accuracy may he even smaller than that required for stability, unless higher order methods such as RungeKutta are used. A method which has proved successful in reducing numerical 'diffusion' is flux corrected transport (FCT), introduced by Boris and Book [19] to avoid ripple effects produced by steep gradients in physical quantities. Errors are minimized by applying a local corrective diffusion only in areas where ripples occur. The method has been applied to LPD modelling in the sheaths of DC [20] and RF [21] glow discharges, where large density gradients occur, and to find solutions of the spatially varying Boltzmann equation [22] . The algorithm most generally applied in LPD models is due to Zalesak (231. Morrow and Cram (241 have generalized the method to allow for a non-uniform mesh.
A further conservative scheme to treat rapid spatial variations in physical parameters in fluids, the monotonic upstream-centred scheme for conversion law (MUSCL), was developed by van Neer [25] and has been used to model rapid transient behaviour in glow [26] and RF [27] discharges. Davies and Niessen [26] have compared several FDM applied to solutions of the continuity equation, including MUSCL and FCT, both of which show similar accuracy, but MUSCL is somewhat less computer-intensive.
Although schemes with 8 3 0.5 in equation (3.2) avoid the CFL and von Neumann stability conditions, they are more difficult to implement than explicit schemes and timesteps may still be limited by accuracy considerations. Because the operator L is generally nonlinear, an iterative process is usually required at each timestep. Boeuf [28] has obtained significant improvement in efficiency compared to explicit methods in a two-dimensional model of the steady state glow discharge using an implicit (Scharfetter-Gummel [29] ) scheme to relax the time-dependent equations to equilibrium. Meyyappan and Kreskovsky [30] also used an implicit scheme (311 to model glow discharges, and implicit methods have also been used in modelling RF discharges [32-341. The FEM have been found convenient for the solution of steady state systems, particularly for multidimensional problems or in one dimension where the physical parameters vary rapidly. If equation (3.1) is to he solved in the steady state, the equation is turned into variational form
where the integral is over the domain of the problem V and the solution is the value of g(x) which minimizes I(g). In a similar fashion to the FDM the region is discretized into a number of spatial points (or 'nodes') xi, together with a set of trial functions q(xi), the solution being the set of trial functions which minimize I ( q ) . As in the FDM, the problem reduces to a set of N equations in N unknowns, which in this case are the values of @(x,) at the nodes. The FEM is extremely flexible, since the nodes may be placed anywhere in the domain to make optimum use of the geometric and physical properties of the system. Surendra et a1 [35] have used FEM [36] [43, 44] and RF [44] [45] [46] [47] [48] discharges and implicit timedependent FDM codes are also readily available 149, SO].
The importance of higher order terms in the expansion has been discussed by Pitchford and Phelps [51] . If multi-step and radiation processes are important, the collision term in the Boltzmann equation depends on 1654 k the densities of the excited state populations and a solution should be coupled to a collisional radiative model (CRM) containing a set of rate equations for the important species [52] .
The EEDF may also be regarded as composed of two electron species, the 'bulk' electrons, with energies E below the first excitation threshold el, which will form part of a Maxwellian distribution, and the 'tail' electrons with E > E , . Two approximate methods for solving the Boltzmann equation are found in the literature. The first assumes a 'two-temperature' Maxwellian distribution [53] , for which T, = T,, for E < and T, = T,, for E > E, in equation (2.7). This method has the disadvantage of a discontinuity in the gradient of &(U). A second method is a WKB approximation about the Maxwellian distribution [54] , which has heen used by Maya and Lagushenko 155) in modelling positive column discharges for lighting. The spatially independent Boltzmann equation is inappropriate for a number of applications in LPD modelling, particularly in regions near electrodes, where the electric field is sufficiently strong and varying to introduce marked spatial variations in the EEDF. Explicit integration of the equations by FDM or FEM is subject to the same constraints as discussed in the previous section, with an additional constraint due to the discretization of vclocity (221.
Hitchon ef a1 [56] developed a convective scheme Green's function p , which is the fraction of particles in a cell (r", U") which moves to the cell (r', U') after a time At and the distribution function advances according to f ( r ' , U ' , f + At) its; to s o k :hi Bu::ziiiai;i; CqGatiSi; ii; tciiTrs of i:;
= dr"du"p(r', U ' ; r", U"; At)f(r", U", t).
This method is applicable provided that the time scale over which the distribution function changes is much greater than one time step, which in turn implies that the fiaiiioii of paiiiciis whkh iii;dc:ga iroie thnn one collision in a time step is negligible. The CS is mathematically identical to the finite-difference method for small time steps, However, unlike the explicit FDM, the time step is not limited by the velocity of the fastest electrons, but by the shortest mean collision time, which has a minimum as a function of energy. Other collisional processes, such as the sharing of energy between the incident and emerging electron in an ionizing collision or angular scattering in elastic processes, may also be treated by MCC methods. If P(x) is the probability of an event x occurring in an interval a < x < b , with J,b P(x) dx = 1, then the Monte Carlo method is to seek the value of x for which
where again q is a random number between 0 and 1. Equation (3.9) can often be solved analytically and methods of selection from given probability functions are contained in most textbooks on the subject. A schematic diagram of a glow discharge between two electrodes is illustrated in figure l ( a ) CF is almost independent of current. Once the discharge covers the entire cathode area, the abnormal glow discharge is formed and higher currents can only be achieved by an increase in the CF (EF). Finally, for sufficiently high current, the discharge switches to hot cathode (thermionic emission) operation at the glow to arc transition (FG). If the PC is much longer than the other regions (as is the case for lighting applications), the situation corresponds to the normal glow in which the V-1 characteristic is weakly negative, and a ballast is required in the electric circuit to maintain stable operation (see section 4.3).
In discharges used for plasma processing, the distance between electrodes is usually much shorter than the electrode width (parallel plate discharges). Analytical and numerical models of these discharges usually consider only axial variations in macroscopic quhntities such as electric field, particle density etc.
A complete model of a glow discharge should include all the regions described above, together with the relevant physical, chemical and kinetic processes occurring in each. Current models are still far from this goal, but those containing a subset of these regions and processes provide valuable insight into discharge behaviour, as will be illustrated in the following sections. 
Modelling of the cathode fall and negative glow
The local field approximation (LFA).
The local field (or 'equilibrium') approximation (LFA) assumes that the electrons are in equilibrium with the local electric field (i.e. the local EEDF in a given discharge depends only on the local value of the electric field). This condition is generally not satisfied in the CF region of glow discharges, since the mean free paths of the electrons for elastic and inelastic collisions are of the same order or greater than the distance over which the electric field varies appreciably, and electrons passing through the CF may acquire considerable energy and a 'beam'-like quality. Despite this limitation, however, LFA models have assisted in understanding the behaviour of glow discharges since the early part of this century.
In his theory of the dark discharge, Towmend [87] concluded that the growth of electron current along the axis of the discharge was proportional to the local electron current;
where J&) is the electron current density at axial distance I from the cathode and a is Townsends first ionization coefficient. He further assumed that the electron current at the cathode is given by
where y , the second Townsend ionization coefficient, represents the electrons emitted from the cathode due to bombardment by the ion current J, accelerated through the CF and Jo is the direct electron emission from the cathode. The electrons emitted from the cathode as a result of ion bombardment will be referred to as cnfhode secondary electrons, to distinguish them from electrons created by ionization processes in the CF. It is generally assumed that a/p = a(E/p), and has the form
where A and B are constants dependent on the gas and s = 1/2 for monatomic gases and s = 1 for molecular gases (Ward 1881). In the theory of von Engel and Steenbeck 1771 for the self-sustained ( J o = 0) discharge, they assumed the electric field to vary linearly in the Conclusions from recent models 191,921 on the possibility of this effect will be discussed in section 4.2.3. For many LPD applications, the ion density in the CF greatly exceeds that of the electrons, and the dependence of sheath width d, on J, may he computed in two limit cases, both of which assume E = 0 at the sheathplasma interface. In the mobility-limited case, Ji S p i J e / p c 181,931, assuming that pi is independent of the electric field He also showed that there is a unique current density for optimum ionization efficiency in the CF, which can explain the constant CF in the normal glow, allowing the discharge to spread across the cathode as the current increases. A similar analysis by Neuringer 1961 also showed that E/p at the cathode varies as (J/p2)*. This work was further extended by Davies and Evans (971, who included the ion drift velocity in the equations and extended the analysis to include the low-field region between CF and anode. These results were all in reasonable agreement with experimental results available at the time.
Von Engel et af 1981 showed that the stability of the discharge in the normal glow could be explained by the presence of a radial electric field at the plasma-sheath interface, which retains the electrons in the core. I n order to investigate this phenomenon self-consistently, Boeuf 1281 developed a Cartesian two-dimensional LFA model for He discharges. The model includes the momentum balance, equation (2.10), in the timedependent continuity equations (2.3) for ions and electrons, coupled with Poisson's equation, and the solution is advanced in time until equilibrium is reached. Despite the limitations on validity of the LFA and the simplified geometry, the model reproduced the essential features of the normal regime and the transition between the normal and abnormal glow, confirming the importance of the transverse (equivalent to radial) electric field. 1657 4.2.2. Non-equilibrium effects and treatment of fast electrons. Morton [99] was possibly the first to explain the difference between theoretical predictions and the experimental results of Druyvesteyn 1891 in terms of the inadequacy of the LFA. In a series of experiments, and numerical computations solving a simplified form of the steady state Boltzmann equation, Morton concluded that the errors in computations of the ionization using the LFA model were greater than 25% if the field intensity varied by more than 2.5% per mean free path of the electrons just able to ionize. In recent years, a large number of numerical models has been developed to treat the 'fast electrons', and typical parameters of most of the models described in this section are given in table 1. Parallel advances in experimental diagnostic techniques, such as laser-induced fluorescence (LIF) and laser optogalvanic (LOG) measurements [83, 91, 100] have resulted in accurate spatially resolved measurements in the CF which have been used to assist in developing and validating these models.
Friedland and Kagan [loll derived analytic expressions for the effective a / p in the 'free fall' limit for moderate and high E / N and compared results with experimental measurements in discharges between cylindrical cylinders in nitrogen. These results have proved useful for comparison with more complex models, since they reproduce the essential features of the spatially averaged avalanche.
Bayle et a1 1102) modelled the transient behaviour of CO2 discharges with positive and negative ions, including non-LFA effects in the context of a Maxwellian EEDF. The electron energy acquired through acceleration in the electric field was described by an electron temperature T, and directed drift velocity u.. They solved the moment equations for the charged species, together with Poisson's equation, and found T, -10 eV near the cathode, U . corresponding to energies of about 3 eV and a constant electric field E = 10'Vcm-'. A similar approach was adopted by Meyyappan and Kreskovsky [30] for Ar.
Electrons traversing the CF may be classified into fast electrons, which gain their energy from the high electric fields, and slow electrons, created as the result of ionization in the CF by the fast electrons 1791. Emelkus et al [lo31 concluded from Langmuir probe measurements that-three Maxwellian groups of electrons, with widely different temperatures and densities, enter the NG from the CF. In more refined experiments, Pringle and Farvis [lo41 also identified three classes of electrons in this region: (i) high-energy electrons, experiencing few collisions in the CF (primaries); (ii) medium-energy electrons, forming the bulk of the distribution, with energies higher than the ionization potential E, (secondaries); and (iii) low-energy electrons, mainly created near the edge of the NG, with energies less than E , (ultimate electrons). Fast electrons (primaries and secondaries) seldom have a Maxwellian distribution, and their behaviour has been the subject of a large number of numerical models in recent years, which can be broadly classified into microscopic 1658 methods, such as Monte Carlo collision (MCC) [35, 70, 71, 72, 76, 91, 92, [120, 121, 122] . Reviews of fast-electron models have been given by Pitchford [123] and Surendra ef a1 [35] , with numerical comparisons between many of them discussed by Surendra et a1 1351. These models have also been useful in confirming the validity of analytic models, such as those by Friedland and Kagan [loll, for the overall behaviour of the discharge, while providing new information about spatially resolved parameters.
A number of experiments [84, 91, 100, 124] have confirmed the linear dependence of the electric field in the CF, an assumption used in many models. Recently, a number of 'hybrid' codes [2, 20, 35, 83, 92, 116] have included the NG self-consistently by introducing populations of slow electrons and ions (two-electron-group model 121) together with Poisson's equation. The slow populations are assumed to be in local equilibrium with the field and are modelled using equations for continuity and momentum balance for each species. Lawler 11251 found that the LFA for ions is valid in the high-field region of the CF, but is questionable at the CF-NG boundary, where the field is varying rapidly.
The choice of numerical model depends both on the complexity of the problem to be solved and on the availability of relevant data. Direct solution of the Boltzmann equation in non-equilibrium situations is difficult, but the convective scheme (cs) developed by Sommerer ef al 157,581 offers an efficient method for multidimensional problems. The MCC methods (section 3.3) are in principle more flexible than other methods, but computer-intensive. Although in principle threedimensional electron motion and angular scattering as a result of elastic and inelastic collisions may be included, care needs to be taken if meaningful results are to be obtained, since the angular distribution of high-energy electrons after collision is often anisotropic. Experimental measurements by Labahn and Callaway 11261 have shown that in He, 70% of electrons are forward-scattered for incident energies >40 eV, while in Ar, Vuskovik and Kurepa 11271 found that 55% of electrons with energies 60-150 eV scatter less than 30". Thus a model assuming full forward scattering, such as adopted by Tran ef al 1701, may be nearer the experimental situation than one assuming isotropic scattering.
Single-beam (SB) models use moments of the Boltzmann equation for the motion of fast electrons, which are assumed to have the same energy at a given position (i.e. the EEDF is a S function). These models are easy to implement, but limited by the neglect of secondary electrons and cathode processes. This method has been extended to include more than one beam [20, 118] . The term 'multi-beam' (MB) is used in the literature to describe the model of Carman and Maitland [120] , who used a discretized electron energy flux in the CF. This method is equivalent to MCC with full forward scattering. A self-consistent MCC model by Schoenbach ef al [76] included a short PC in a He-SF, discharge containing negative ions. The solution to Poisson's equation was matched to the low-field condition in the PC. The MCC was used to compute the transport coefficients in the CF, and the ions were treated by solving iteratively a set of steady state fluid equations.
Rate and mobility equations were solved in the short which case ion velocity is simply the drift velocity in the field. Ion density was shown to decrease by an order of magnitude in the CF, with SF: ions dominating over the He+ ions, despite the fact that the discharge contained 80% He. SF; ions were also found to be more prevalent than electrons in the CF.
Beam models. Ecker and Muller [114]
developed an SB model to study electron motion in high electric fields in He, using four moments of the Boltzmann equation (continuity, momentum and kinetic energy, both total and parallel to the field) and including elastic and inelastic collisions but not ionization. In this case, the electron velocity distribution function forms thc surfacc of an ellipsoid. They found a critical field E&, f), below which the electrons approach a stationary drift and above which they may accelerate indefinitely ('runaway' electrons).
Most SB models, however, consider only electron motion parallel to the field, and hence both energy and velocity are the same for all electrons at any position.
This leads to an inconsistency in closing the set of moment equations, since it is not possible to model simultaneously the randomization of both momentum and energy. This point can be seen from the model of Ingold (11,811, who considered the electron velocity distribution as a spherical shell ( S S D ) , centred about a beam velocity U,,. The EEDF thus satisfies the delta function
where U and U are the electron velocities parallel and perpendicular to the electric field, w(x) is the random speed representing the radius of the spherical shell. The equations for particle, momentum and energy balance are then, respectively: 
where uk is the frequency for excitation to state k at energy &I. (including direct ionization), M is the effective mass of neutral atoms, U , , is the frequency for electron-neutral momentum transfer (equation (2.5)) and u e is the frequency for energy transfer [ll] .
If the electron temperature is defined by the relation 4kT, = Imw', equations (4.9) and (4.10) are formally identical to those for an SMD [lo), although the excitation and ionization frequencies will be very different due to the absence of the high-energy tail in the SSD. Applying the SSD to the normal glow, Ingold [Sl] reproduced the experimentally measured minimum of the Paschen curve in Ar, although results differed from experiment beyond this minimum. Ingold suggests that the discharge behaviour in this region is modified by the small number of electrons in the highenergy tail of the distribution function, which is not included in this model.
Most 'beam' models ignore the random velocity component w , in which case the excitation frequencies are simply uk = uoQX(uo) where Qk(uo) is the cross section for excitation at velocity U,,. However, such models pose the dilemma that equations (4.8) to (4.10) constitute a set of three equations in two unknowns, so a choice must he made between the momentum In SBE models, equations (4.8) and (4.10) are usually combined to give an equation for the average beam energy = +mu; (ignoring elastic collisions) The authors conclude that the model is appropriate for electric fields which produce electrons with energy ranging from the ionization threshold to the energy at which the total inelastic cross section is a maximum.
Ingold [ll] compared computations of w/N in He using various models, firstly over an infinite drift distance and then between electrodes placed a finite distance apart. In the first case, the SMD method fitted experimental 'swarm' measurements better than either SB or SSD models, with the SBM model being clearly the least accurate. For calculations with finite distances between electrodes, the SMD was also superior to SSD.
Gottscho has developed a self-consistent SBE 'twoelectron temperature' model, including secondaries created in the sheath (assumed to have the beam energy), for normal glow discharges including the anode fall. This model also predicts the field reversal in the NG and a plasma potential which is higher than the anode potential, using the implicit time-dependent method described in the two-dimensional fluid model [28] to relax to equilibrium. He has also extended the two-dimensional Cartesian model to include beam electrons and cylindrical geometry, although published results were for calculations which had not reached equilibrium.
Muller [118] included a secondary electron component in an SBM model in uniform electric fields for loz < E/p < 10' V cm-' Torr-'. He found values of a/ p which were much higher than experimental values, but reached an asymptotic value when one primary electron results in 100 or more secondary electrons, corresponding to a low average energy. Kulikovsky [ZO] has extended the SBE model to include several beams (MBE) in a self-consistent model of a normal glow He discharge. The time-dependent fluid equations were relaxed to equilibrium using FCT [23], which was found to be extremely sensitive to the boundary conditions for slow electrons at the cathode. The computations showed that about 80% of the total current is produced by beams created beyond the cathode and only 20% by the cathode beam.
The has used an analytic model, including direct ionization and metastable excitation by the fast electrons, to predict the ratio of ion to electron current densities J,/J. at the edge of the CF. Coe and Lister [86] modelled the region to the PC boundary (Jl/Je = p l / p c ) and included all excitation processes in Hg.
4.2.7.
The hollow cathode effect and pseudo-sparks. The basic principles of hollow cathode discharges have been known for three quarters of a century [138] and are discussed in various texts [77, 80] . The simplest example is that of a large ring anode in a discharge between two parallel planar cathodes. When the distance between the cathodes is reduced until the NG of each discharge coalesce, keeping the applied voltage constant, the discharge current starts to increase. As the separation is further reduced, this current may rise to 100 to 1000 times its 'normal' value, accompanied by a marked increase in the visible glow. Early applications of this effect were for high intensity spectral sources and the usual configuration was a cylindrical or rectangular cathode surrrounding a central anode.
The hollow cathode effect has been attributed to a number of factors, the most important being the 'pendulum electrons', which are trapped in the NG between the two retarding cathode sheaths. Other cone!edra"s acce!erated i" the CF 2 , d ?kid eq-z!icz-. i : :
tributing Because self-sustained hollow cathode discharges are capable of achieving high current densities in a short time, they have attracted considerable attention recently for application as high-power switches. These discharges are referred to as 'pseudo-sparks', and a survey of their properties has been given by Christiansen [147] in the NATO Advanced Research Workshop on 'Physics and Applications of Pseudo-sparks', many papers from which are referred to in this section. The simplest configuration for a pseudo-spark discharge consists of two parallel planar electrodes, in which the cathode (and often the anode) contain a hole of diameter considerably smaller than the electrode width. The electrodes are sufficiently close (i.e. on the left of the Paschen curve) such that breakdown does not occur under normal operation. If electrons are generated in the back space behind the hollow cathode by an electrical discharge or by optical triggering (backlit-thyratron (BLT)), the positive space charge in the cathode hole acts as a virtual anode and high current build-up may occur. These discharges are thus distinguished from conventional thyratrons, in which a grid maintained at high negative potential to the cathode is used to 'hold off' current prior to triggering. It may be noted in passing that the current build-up of a thyratron has been modelled using a self-consistent MCC code by Kushner [148] .
The pseudo-spark develops in three stages, which may briefly be summarized as triggering, generation of electron and ion beams during the current rise, and the relatively long lived and diffuse ('over-dense' [149]) discharge, when the CF contracts to the cathode and the discharge is maintained by thermionic emission.
The temporal behaviour of these discharges is essentially two-dimensional and has been qualitatively reproduced by Boeuf [153] have modelled the beam using a Fokker-Planck equation and a time-dependent CRM to describe the bulk plasma, to compute the temporal evolution of electron density and temperature. Mittag [154] has used a two-dimensional fluid model to compute current, electron and ion densities. All of the models published to date, while qualitatively describing the discharge, have yet to include all effects which might he important, and this is an area in which more complex models are expected to develop in the near future.
The positive column
The positive column is generally assumed to be sufficiently long for the axial field to be uniform, and hence only radial variations in the discharge parameters need be considered. The basic physical mechanism in maintaining the PC is the balance between collisional ionization of gas atoms and molecules and the loss of charged particles to the wall as a result of collisions between ions and atoms and by radial electric fields produced by space charge at the walls. The physics of the PC has been described in detail by, inter alia, Francis 51 developed a model based on Poisson's equation and the fluid moment equations for each charged species, including both mobility and inertia terms, which is valid over all pressure ranges and reproduced the results of Allis and Rose in the continuum limit and Self in the free-fall limit.
If the ionization frequency vi is due to one-step processes only and the discharge is uniform, then x-'fieX = 1.2 x io7(cgpa)2 (4.13) where x = ee,/kT,, e,V is the ionization potential, p the gas pressure in Torr and cg is a constant dependent only on the gas species.
While the above models can explain many features of PC behaviour, more sophisticated models are required for a detailed description. One of the features common to the PC is the negative V-I characteristic, which would lead to runaway current in normal operation were a ballast not included in the electric circuit. Such a characteristic can develop at the transition from free to ambipolar diffusion in the mobility-limited PC. However, since currents in discharges in the free-diffusion limit are extremely small, this situation rarely arises in practice. Gas heating has been suggested as a mechanism (1601 but multiple-step ionization seems to he the dominant influence. Spenke (1611 and lngold [162] have developed simple theories for the maintenance condition of discharges where two-step ionization is important, showing that a negative V-I characteristic will result. This problem has been discussed in more detail by Ingold [XI].
Radiation transport plays an important role in modelling the PC 
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influencing the efficiency of uv production in fluorescent lamps, which are filled with a noble gas at a pressure of 0.5 to 3 Torr, with a small amount of mercury added. Ion collision lengths are sufficiently small for the discharge to be described by a diffusion model.
The major source of light is uv radiation at 254nm from the 63P, state of mercury, and the low energy levels of the ' P metastable states relative to the energy for ionization means that the major process in maintaining the discharge is two-step ionization. 43,176,182,183] . However, such calculations tend to be very computer-intensive, and most codes use more simplified models, such as the two-temperature electron model [53, 167, 175, 177] The characteristics of the discharge may be obtained from the energy balance and mobility equations
where I and E are the current and longitudinal field, N; is the total number of particles of species j per unit length and W is the power per unit length in the PC, which is computed from the net rate of loss of energy from the electrons by elastic and inelastic collisions.
A number of innovations have been suggested as possible ways to improve efficiency or make possible a positive V-I characteristic. Godyak et a1 [185] considered a constriction in the diameter and assumed that this created a double layer, thus distorting the EEDF. They modelled a 1 Torr Ne-Hg PC by solving the Boltzmann equation analytically and showed the formation of a 'double bump' distribution. These results were qualitatively similar to those obtained from MCC simulations by Muller and Muller 11861 in pure A r discharges at much lower pressure (3.6 mTorr). Cayless 11871 modelled rectangular discharges and predicted that they could operate at the same efficiency as the equivalent cylindrical discharge with up to 40% more power per unit length. He also found that, for aspect ratios greater than 3: 1, the discharge was unable to fill the volume available, an effect attributed to two-step ionization. Ingold [188] has treated the radiation in terms of the effective lifetimes of the radiative states and reached the same conclusion as Cayless regarding the effect of aspect ratio, but concluded that the maximum increase in power per unit length at the same efficiency was only 20%. Anderson 11891 modelled photons using MCC methods to study the effect of 'doping' the mercury with the isotope 196Hg, which is deficient in natural mercury, to provide an additional output channel for the uv radiation, obtaining good agreement with results of spectral measurements. Ingold 11901 has shown this mechanism to have little effect on efficiency.
Oxygen is an example of an electronegative gas which has LPD applications in oxidation of polymers and semiconductors and in photoresist removal in semi- and found discrepancies in calculations for T, relative to probe measurements, while Ferreira et a1 [192] obtained the EEDF from the Boltzmann equation. Daniels and Franklin (1931 have shown the importance of deviation from quasi-neutrality in the boundary layer on these discharges.
Radiofrequency (RF) and microwave discharges
Classification of high-frequency discharges
The LPD maintained by application of high-frequency (HF) electromagnetic fields have found increasing industrial applications, particularly in plasma processing. In these discharges, the major mechanism by which the power is coupled into the plasma is by elastic collisions of charged particles with the background gas. Early interest concerned 'electrodeless' operation, for which Babat 11941 introduced the notation ' E and ' H discharges. E-discharges are capacitive electrodeless discharges excited by the electric field, in which the conductance current is not closed. H-discharges are eddy (or ring-like) electrodeless discharges, excited by an alternating magnetic field. The volume filled by the plasma can be compared to a single short-circuited secondary turn of a transformer.
The term 'E-discharge' was adopted by Godyak [195] to include capacitively coupled discharges (CCD) in which the electrodes are in the discharge. 'H-discharges' are generally referred to as inductively coupled discharges (ICD) and for some applications, such as 'bucket' ion sources 11961, the coil producing the magnetic field may also be in the plasma. 'Hybrid' discharges, in which the plasma is maintained by an Hdischarge and an RF biased electrode is introduced for plasma processing, are also found in the patent literature 11971.
Another group of RF discharges, produced by travelling waves, has been developed comparatively recently, of which the most interesting from an applications point of view are surface wave discharges (SWD). In this case, the discharge forms in a waveguidelike structure as a result of a propagating electromagnetic wave excited at one end of the discharge by a wave launching mechanism. The SWD have recently been reviewed by Moisan and Zakrzewski 11981.
The HF discharges are also classified by the relative magnitudes of the applied frequency w and the electron and ion plasma frequencies wpc and wpi respectively, defined through
In the low frequency regime ( w 4 wpi <cups) both ion and electron motion is modulated by the field. In the high-frequency regime (wpi w < wp) ions cannot follow the alternating field, the ion distribution remains 1665 constant in time and the currents are carried by the electrons. The transition regime (w = wpi) is the most difficult regime to model, and at present is not well understood. In microwave discharges the wavelength c / o is of the order of, or less than, the spatial dimensions of the discharges. A class of microwave discharges of current interest are modified by the introduction of a static magnetic field B into a plasma with a component of the electric field perpendicular to B , and the microwave energy is applied at the electron cyclotron resonance (ECR) frequency where ERF is the amplitude of the RF electric field, U~( E ) is the electron-neutral collision frequency, ujj(c) is the effective collision frequency for excitation, deexcitation or ionization between states i and j , and q is an operator accounting for the re-introduction of electrons in the distribution after excitation, de-excitation or the creation of new electrons. Electron-electron [7-91 and electron-ion [7] collisions can also play an important role in the EEDF of RF and microwave discharges, particularly for Ar. This approximation is valid provided (i) o > s;~, where rc is the characteristic relaxation time for electrons; (ii) the electronneutral collision length and the oscillation amplitude of the electrons is smaller than the discharge dimensions; and (iii) the energy gained from the electric field per collision is smaller than the electron thermal energy.
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It has been found convenient to describe the properties of the discharge in terms of E.*/N, where E,, is an effective field, defined through
where uce is the collision frequency at a particular electron energy, which is usually chosen to correspond to representative electrons of the bulk distribution. The CRM have been developed, inter alia, by Ferreira et a1 [52] to obtain similarity laws in microwave discharges of Ar, O,, Nz and He. A comparison between CRM for microwave and DC discharges in A r has been given by Karoulina and Lebedev (2011. For applied frequencies which are much lower than the electron energy dissipation frequency, the EEDF can instantly respond to the electric field and assume the value it would have in the equivalent static field at that moment. The situation at intermediate frequencies is far more complex and beyond the scope of this paper, but a discussion of collision-dominated electron kinetics in low-and high-frequency fields has been given recently by Winkler [202] . Modelling of the EEDF in situations where the spatially homogeneous Boltzmann equation is not applicable, such as in the sheaths of CCD. will be discussed in detail in section 5.3.
Fluid models.
One of two approximations is often made in applying fluid equations to RF discharges. The first of these is the mobility-limited regime, in which the inertial terms are neglected from the momentum equation (2.8) such that equation (2.10) may be inserted directly in the time-dependent continuity equation (2.3). This approximation is often used in CCD models and corresponds to a neglect of the plasma inductance. Belenguer and Boeuf [203] have noted that, for discharges at pressures above a few tens of millitorr and frequencies helow a few tens of megahertz, these regions are largely resistive, while for higher m / p a significant portion of the discharge impedance is inductive.
The second approximation, appropriate in particular for SWD and ICD, assumes V p , = 0 (the cold plasma approximation) in equation (2.8). The electron current density J , = -n.eu, is then given by where E is the unit vector parallel to the magnetic field. If ne is constant in time, then the current response to the time-dependent applied electric field Eei" is linear Thus in equation (5.9), ne and vme should be replaced by n: and v&, which may he obtained by equating the real and imaginary parts of equations (5.7) and (5.10).
Capacitively coupled discharges
Modelling of CCD.
In a CCD, each electrode acts alternatively as a cathode or anode during one RF cycle, so high-potential, time-dependent sheaths form at each end of the discharge. Discharges used for plasma processing often require the insulating of one of the electrodes by the material to be processed. In DC discharges, the sheath at the cathode is only of the order of the plasma potential in such a case, which is insufficient for processes in which large anisotropic ion energies are required. In RF discharges, the positive charge accumulated during one half cycle can be neutralized by electron bombardment during the second half cycle and the resulting sheaths may be used for the desired process. If the electrodes have different areas, a DC bias voltage is also established across the sheaths [82] . The model of the CCD and its equivalent circuit is illustrated in figure 3 . Between the sheaths there is a negative glow similar to DC discharges, and sometimes a region of low electric field in which the electrons are in local equilibrium with the field, corresponding to the PC of a IX: discharge. Detailed descriptions of the physics of the CCD (or E-discharge) have been given by Godyak [205] and Chapman (821.
Boeuf and Belenguer [5) describe four operating regimes for CCD: (b) secondary emission ( y ) regime: as in the DC glow discharge, the discharge is maintaind by electrons emitted from the cathode (largely by secondary emission) and accelerated through the sheaths.
(c) positive column (PC) regime: electrons gain energy from an electric field which is constant in space but varying in time.
(d) electron-sheath collision (ESC) regime: collisionless regime, where electrons gain momentum and energy from reflection at the expanding sheaths.
The transition from a to y regimes was established by Levitskii [206] and is the RF equivalent of the Paschen minimum, although there is no simple relationship between the two. The 'wave riding' regime was demonstrated by Kushner [207] in MCC modelling of power deposition in Ar/SiH, discharges. Fluid (continuum) models have reproduced the main features of both the a and PC regimes, while modelling of the y regime requires a detailed treatment of the 'beam' electrons [203] .
Classification of CCD models is largely arbitrary, since many models deal with more than one aspect of discharge behaviour. The models described helow have been divided into analog circuit models, sheath models, fluid (continuum) models and kinetic models. Fluid models as defined here include zero-and one-dimensional computations and may include MCC or SBE calculations for electron motion. Kinetic models include self-consistent solutions to the Boltzmann equation and application of PIC/MCC methods. A comparison of models is currently being undertaken in connection with the GEC reference reactor [208] . Two particular aspects of cCD, the ESC regime and the influence of magnetic fields, are included in separate sections, Unless explicitly stated, the gap between electrodes is assumed to be small relative to the electrode width, so 1667 that only axial variations in the plasma parameters are considered In CCD models, one electrode is generally assumed grounded and a voltage V ( f ) = VRF cos w f is applied at the other, or alternatively an RF voltage may he applied across both electrodes, resulting in a symmetric discharge. Typical discharge parameters for most of the models referred to are listed in table 2.
5.3.2.
Analog circuit models. Analog circuit models [209] [210] [211] [212] [213] [214] [215] have proved useful in understanding basic properties of CCD behaviour. Impedance measurements are coupled with simple assumptions about the sheath to deduce approximate values of discharge properties, such as current and voltage waveforms, electron density and ion flux to the electrodes.
The equivalent circuit for a normal CCD is illustrated in figure 3(b) , showing the resistance and capacitance of the sheaths at the electrodes and the complex impedance of the bulk plasma. If w < wpi, the ion energies are those of the instantaneous value of the sheath potential, the displacement current can be neglected and the sheath is essentially resistive. If w > wpi, the ion current is small relative to the displacement current and the sheath is capacitive [216] . The impedance of the connected system, when matched such that there is no reflected power to the generator, is the complex conjugate of the output impedance, which enables ch2:2c:erizzti=:: =f t' .-&c ' .2rge components [82, 209, 210] . By making suitable assumptions about the sheaths, this information may be used to deduce discharge properties [211, 212] . Metze et a1 [213] have included a collisionless model of the steady state sheath and pre-sheath in a circuit model which predicts discharge characteristics reasonably well. Although the time-varying sheaths are not well represented by a steady state approximation, at high frequencies the sum of the time-dependent capacitances is approximately constant [205] . Bletzinger [214] conducted experiments in Ar discharges containing attaching gases such as CF4 to change the discharge impedance and used a circuit model to compute the time-averaged sheath characteristics, which were compared with experimental measurements. Results from an analog circuit model for the charge build-up on the wafer of an ECR etcher by Namura er al [215] have also been in good agreement with experiment.
Sheath models.
Models of time-dependent or time-averaged sheath behaviour [209, have given qualitative insight into charged-particle behaviour in the neighbourhood of electrodes.
A time-average model of the RF sheath from fluid equations was developed by Economou et a[ [217] using ion fluid equations with a frictional force to account for ion-neutral collisions, to compute the ion flux to the electrodes at 1 Torr pressure. Kushner [218] modelled electron kinetics in the sheath using MCC methods and a spatially linear time-dependent sheath potential to compute the EEDF and sheath thickness. H e computed a self-bias DC potential, attributed to the difference in 1668 it$ : +" g circuit mobility between electrons and ions, which was an increasing function of h/d, where A is the electron collision length and d is the gap between electrodes.
Limit cases y 9 1 and y < 1 were considered for 50 mTorr CF, discharges and the increase in electron density in the sheath for y 9 1 was demonstrated. The MCC methods were also used to compute the angular ion distribution at the electrodes [219] , assuming a parametric model of the sheath, which showed the important effect of DC bias on anisotropy in etching processes.
A simple model by Levitskii [220] attributed the DC auto-bias in discharges with electrodes of unequal area to the formation of uncompensated sheaths at the electrodes. In normal discharges, this voltage is symmetric, but if a blocking capacitance is introduced in the external circuit, the sheath at the smaller electrode acquires a larger DC bias. The DC bias was computed using a simple model based on a constant density, collisionless discharge with equal ion currents at the electrodes by Koenig and Maissel (2091, who concluded that if the electrode areas are A , and A2 respectively, the corresponding DC sheath voltages are related by n = 4 .
(5.11)
Experimental measurements by Coburn and Kay [228] not directly comparable to the above situation [82] , concluded that n = 1. Using different approximations, various models [216, 221- at high frequencies (wpi < w wpe). This approach is valid provided that the sheath potential is sufficiently large for collisions to be negligible. Time-varying sheath models generally show that the potential at the sheath edge is always above that of the neighbouring electrode, although there may be a burst of electrons to the electrodes for a short period 6(r) during each cycle. The concept of a step-like oscillating profile to investigate the dynamic response of the sheaths was introduced by Godyak and Ganna 12261 and used by Riemann 12161, who assumed a harmonic potential across a collisionless sheath, and Meijer and Goedheer [227] , who assumed a harmonic potential across the total discharge, to study sheath coupling. Riemann deduced that in Ar discharges, the plasma potential may drop momentarily below that of an electrode if eVw/kTe > 1200. Sat0 and Lieberman [230] observed a similar phenomenon from probe measurements in Ar discharges, preceded by the formation of a propagating double layer.
Fluid models.
Fluid (continuum) models have been used to model the axial variations in the entire discharge and have been successful in computing the external discharge parameters such as V-I characteristics and power densities, as well as the mechanism for transfer of energy to the bulk electrons in the sheath regions. The LFA is only valid for charged particles if both the space and time variations in the electric field € ( r , t) are small relative to the distance and time between collisions. As in the DC case, this approximation is not valid for electrons in the sheaths. In spite of these limitations, fluid models have reproduced many of the experimentally observed phenomena surprisingly well.
A large number of frequency cycles must usually be numerically modelled before equilibrium is reached, and this can be computer-intensive. Where authors have given CPU times, they are included in table 2. It seems clear that there is a general trend away from dependence on mainframe computers such as the CRAY, since much can now be achieved using workstations such as the Sun 3.
These models differ in their treatment of electron transport and rate coefficients. Some models assume the electrons to have a Maxwellian energy distribution [33,34,37, 38, 231-2331 with an electron temperature computed from the energy balance equation (2.9). Alternatively, the transport coefficients may be assumed to be those corresponding to the instantaneous electric field [32, 2341 or the average instan- The EEDF used to compute production rates and rate coefficients for molecules and ions were obtained from direct solution of the Boltzmann equation 12391 or by using MCC methods [239,240] and the rate equations were solved assuming a 'zero-dimensional' model for the diffusion De,f/A&, where Aeff is the diffusion length along the axis of the discharge. Gas-phase chemical reactions were also included. In the SFg Galculations, rate coefficients were calculated from average values of €IN, while the methane calculations included the variation of the electric field in space and time from experimental measurements. The fractional composition of the discharge was computed from a simple power balance and spectral measurements were used to compare and interpret experimental and theoretical results.
Axially varying fluid models generally include the continuity (equation (2.3) ), momentum balance (equation (2.8) ) (or the mobility limited form, equation (2.10)) and energy balance (equation (2.9)) for electrons and ions, rate equations for excited species, where appropriate, and Poisson's equation. Thompson and Sawin I2341 used a fluid model to describe breakdown in SF6, assuming no spatial variation in the electric field. For a range of pressures, frequencies and gap distances, results for €IN at breakdown were in good agreement with experimental observation. Richards et all2351 allowed for ion inertia by defining an effective ionic electric field E = vi/pi, where the ionic velocity ui was described using the mobility formulation equation (2.10). The Barnes et a1 [241] used MCC methods in uniform fields (LFA) to compute the transport coefficients. They included a geometric factor to allow for electrodes of unequal area, and boundary conditions were supplied by the equivalent circuit. Sommerer and Kushner 12421 and Sato and Tagashira 1211 have developed hybrid Mcc/fluid/chemistry models applied to a variety of gases and gas mixtures. The EEDF is computed using MCC methods and an axially varying fluid model is then used for the charged species, to give densities, electric fields and transport coefficients. Diffusion equations are then solved to compute densities of neutral species. The model thus takes advantage of the three time scales for the physical behaviour, the fastest being electron transport, followed by ion transport and then neutral transport. Since the MCC models do not include a solution to Poisson's equation, much fewer particles are required than for PIC computations, while the MCC computation of the EEDF eliminates the need to solve the electron energy equation, which is the stiffest of the fluid equations.
Graves and Jensen 1371 compared results for DC and RF discharges, demonstrating the increased electron heating in the bulk plasma in the latter case, resulting in increased ionization in this region. Since 'beam' electrons are not included, the effect of secondary electrons emitted from the cathode is negligible. In the SEE (two-electron group) model of Belenguer and Boeuf [203, 5] , the continuity and energy equations for the beam are both solved in steady state. This is equivalent to the requirement that the fast electrons release their energy instantaneously, which is only valid if the electron transit time across the sheath is short relative to one RF cycle. Bulk electron and ion densities are assumed zero at the electrodes and the electron flux 1670 emitted from the momentary cathode is proportional to the ion flux to the electrode. They showed that by raising the applied voltage on discharges in He, the (Y to y transition was clearly defined by a sharp change in the rate of increase of electron density as a function of applied voltage V,,, in good agreement with experimental .measurements of Godyak and Kanneh [247] . This transition may also be found by increasing discharge pressure or reducing applied frequency and maintaining the other discharge parameters constant.
In the 01 regime, the plasma potential is found to be below that of the momentary anode, thus attracting electrons out of the plasma, while in the y regime the plasma potential is always larger than at both electrodes and the electric field tends to maintain the electrons in the discharge during the whole cycle. In lowfrequency (resistive) discharges, the current waveform is distorted and almost in phase with the voltage and the sheath expansion and contraction is found to be asymmetric between expansion and contraction [SI, as observed experimentally [244] . In A full simulation is conducted for 2-5 RF cycles and then information from these cycles is used to continue for a few hundred cycles using a simplified model, before repeating the procedure until equilibrium is reached. They have computed the temporal development of the spatially varying electric field. electron density and transport coefficients using this method. Bulk electron temperatures computed by the model are much lower ( < l e v ) than those found by other authors [ZSO], and the bulk electric field was found to be weak (about 2 V cm-') and out of phase with the sheath fields. The importance of multi-step ionization was also illustrated.
The use of PIC/MCC for CCD modelling has been a relatively recent development. Boswell et a1 [74, 251] considered model discharges and one collision process (ionization). They found that the sheath width can be approximated by the Langmuir-Childs law for collisionless sheaths (equation (4.6) ). Vender 
5.3.6.
Electron-sheath collisions. Godyak [195] analysed discharges in the ESC regime in terms of the impedances of the sheaths, the bulk plasma and the impedance associated with the stochastic heating at sheath boundaries. He introduced an effective fre-
where v c is the electronneutral collision frequency, u,~, is the electron thermal velocity and L, is the length of the bulk plasma between the sheaths, and computed the discharge impedance properties from v,/w and the proximity of the system to 'resonance' V,, = V,, where V , is the resistive component of the drop OE the applied voltage across the bounded plasma. His results were confirmed experimentally by Popov and Godyak [259] in 0.1 to 10 mTorr discharges in mercury vapour.
Goedde ef a1 [62] treated the stochastic process of reflection at sheath boundaries by solving the FokkerPlanck equation in three dimensions in velocity space and determined plasma properties using the energy balance and the requirement that the rate of ionization balance the rate of ion loss from the system. A onedimensional check of their results was provided by a multi-particle simulation. They found a frequency threshold for the onset of collisionless plasma heating which was above 50MHz for the case considered. The range of validity of their model is 1 < pd < 10 mTorr cm. The lower limit corresponds to the electron lifetime being less than the mean time between the elastic collisions and the upper limit to the case where electron velocity becomes isotropic within one bounce time.
Wendt and Hitchon [260] developed a semi-analytic model to solve the equations of motion for electrons in the sheath regions, to find their change in velocity through collisionless interaction with the sheath as a function of incoming velocity and phase, using a simple model of the sheath field. They found that the electron energy gain due to collisional heating was proportional to the square of the maximum sheath speed and weakly dependent on electron temperature. Energy loss due to escaping electrons rises with electron temperature and exceeds the energy gain when the average electron velocity exceeds that of the sheaths. Predictions agreed with those of Goedde et (11 [62] for electron heating only in the limit when the initial electron velocity entering the sheaths uin = 0.
5.3.7.
Magnetic fields. Lieherman ef ol [261] modelled enhanced stochastic sheath heating in the ESC regime due to a magnetic field (5&3300 G) parallel to the powered electrode of a discharge, by including the full dielectric tensor in equation (5.6). They found that electrons confined to their gyro-orbits could collide several times with the sheaths and that the stochastic heating was proportional to E ; , which dominated Joule heating at low pressures, while a significant fraction of the RF voltage could be dropped across the bulk plasma. Lukyanova ef a1 [262] modelled a coaxial cylindrical reactor with an axial magnetic field. They used the two-term approximation to solve the Boltzmann equation in one velocity and three spatial components, including the magnetic field, to compute the zero-order isotropic EEDF, and thus transport coefficients. They solved fluid equations to compute electron and ion densities and currents in electropositive (He) and electronegative (Cl,) gases. Since ions are the most mobile species in strong magnetic fields, these cases show markedly different behaviour. In He, the DC bias changes sign for sufficiently large magnetic fields, because the electron diffusion and mobility become smaller than for ions. In CI, the current to the outer electrode is found to be mainly ionic, while, at the inner electrode, ion and electron currents are of the same order.
Porteus and Graves [75] modelled low-pressure (0.375 mTorr) ECR discharges in cylindrical geometry. Ions were modelled using PIC in two dimensions (r, 2) while electrons were treated using fluid equations, assuming them to be in isothermal equilibrium along axial field lines. The electron radial temperature profile was computed from an energy balance equation, assuming that all the microwave power was coupled to the electrons. Two-dimensional sheath equipotentials and electron densities, as well as the IEDF, have been computed to illustrate the capabilities of the model. Weng and Kushner [263] have computed EEDF in ECR reactors in Ar and N, at pressures between 0.1 and 10 mTorr, using a hybrid MCC fluid code. The radially and axially varying magnetic field in a cylindrical chamber was computed self-consistently from the currents in a set of external coils and the electric field was computed from the axial ambipolar field, allowing for space charges (i.e. n,#ni in equation (2.10)). The point of resonance with the externally applied axial mirro...n..r e!ectric !%!d nt 2. 45 uz Wnr 5 cm from the end of the 30cm chamber. The electron temperature (from the average energy) in Ar was computed to be 1C-20 eV in the ECR region and 1 5 eV downstream, in agreement with experiments, and the EEDF was found to be represented by a bulk temperature and a highenergy tail which can extend to of order 100 eV.
Inductively coupled discharges
Thomson [264] was among the first to observe and model an ICD. There has been considerable interest in modelling high-pressure ICD [265-2681, but comparatively little has appeared relating to LPD modelling, despite current interest in plasma processing. Induction coils [269] and antennae have been used for many years as a method for exciting resonances in magnetized, fully ionized plasmas for plasma heating in fusion experiments, and so a large amount of theoretical and numerical work has been published in this area [270, 271] . In such cases, the RF fields are always small relative to the fields maintaining the plasma. Plasma sources using inductive coupling are also used in the fusion community as ion sources for the production of high-energy neutral beams [196, 272] .
Two possible modes of ICD operation are illustrated in figure 4, the first consisting of a coil wrapped around the discharge ( figure 4(a) ) and the other in which a coil is placed inside the discharge, and surrounded by plasma ( figure 4(b) ). If the coil is assumed to be sufficiently long relative to the radial dimensions of the discharge for end effects to be considered unimportant, the model can be reduced to one dimension and the 1672 Figure 4 . Model of an inductively coupled discharge (ICD) and electromagnetic fields with (a) external coil and (b) internal coil.
physical variables depend only on the radial position r. In cylindrical coordinates, the current in the coil has only one component J , which induces a magnetic field H , and an electric field E, in the H discharge. In this case, once again assuming (equation (5.8) and (5.9)) that ne is not modulated by the high-frequency fields and J , = uE,. Maxwell's equations (2.15) reduce to Thomson [264] computed expressions for electromagnetic fields assuming constant electron density across the discharge, in which case E , can be represented as a Bessel function. Eckert [265] used Bessel functions for the fields by including the average value of the electron density in Maxwell's equations, and a 'Schottky' radial profile [14] for the electron density to compute power deposition and impedance. Henriksen el al [273] found a closed-form solution for the electromagnetic fields assuming a parabolic density profile, and more recently Denneman [274] modelled lowpressure Ar-Hg discharges, again using a Schottky density profile and solving the coupled Maxwell equations numerically. For LPD operation, the skin depth 6 = (pawoo)-' [266, 273] , where U, is the average value of U , is generally large relative to the discharge dimensions, and E , follows closely the vacuum solution, so that the plasma influences the discharge through the magnetic field H,.
In general, ICD operate in both E and H discharge modes. The 'E-discharge' is important during discharge breakdown, when a layer of plasma is created close to the coil by a longitudinal electrostatic field E,. For this reason, the voltage required for breakdown is generally much greater than for running of the H-discharge, as was demonstrated in experiments by Chandrakar [275]. Denneman [274] was able to exploit this effect by measuring the current in the coil during the H-discharge, and again at the same applied voltage in which only the E-discbarge was present. In discharges with external coils, the voltage per turn on the coil determines the magnetic field at the outer boundary. The containment of total flux within t h e coil provides a boundary condition which enabled him to deduce the physical parameters of the discharge from measurements of the circuit parameters.
Discharges using the E-mode are found in neutral beam plasma sources for fusion experiments, and Artz [272] has developed a numerical model to solve the two-dimensional Poisson equation in a source with an external coil and assuming the space-charge imbalance at the centre of a discharge from the PC model of Self [155] .
A model of an ICD in which the coil is in the centre of the discharge has been developed by Lister and Cox
[276]. Since the coil does not provide a natural external boundary condition, the appropriate condition at the coil being the discontinuity in the magnetic field produced by the coil current, an elegant method such as that used by Denneman [274] cannot be used in this case. The outer boundary was assumed to be either perfectly conducting or perfectly radiating (with impedance at infinity that of free space, 37752). Electron density profiles were taken from the equivalent Schottky Bessel function solution in an annulus. In this case the current and power density profile were found to be more peaked near the coil for discharges with internal coils.
Surface wave discharges
The excitation of surface waves in homogeneous plasmas was first discussed by Trivelpiece for a wide range of applications, plasma parameters and operating frequencies. As the name implies, the properties of surface-wave-sustained plasmas depend on the boundary conditions at the plasma surface (usually a dielectric such as glass). The SWD are produced in wave guide-like structures whose properties are obtained by solving Maxwell's equations in the plasma and surrounding media. The models described below assume w > wpi, although SWD have been obtained at frequencies as low as 200 kHz. The wave is damped by collisions between electrons in the wave and background atoms, leading to an inhomogeneous density profile in the direction of propagation of the wave. A typical launching structure, the 'surfatron' [281] is illustrated in figure 5 . The surfatron is designed to include both impedance matching and field shaping in the same integrated structure and typically operates in a frequency range of about 100MHz to 2 GHz. The main body consists of two metal cylinders forming a section of a coaxial line terminated by a short circuit at one end and a circular gap at the other. The discharge is contained in a dielectric tube surrounded by air, with relative permittivities and 1 respectively, and in these regions the solutions to the equations corresponding to equation (5.15) are Bessel functions. If axial density variations are neglected and E p ( r ) is replaced by its radially averaged value across the cross section Ep, such that the second term on the left-hand side of equation (5.15) can be ignored, the solutions in the plasma are also Bessel functions. This has been found to be a reasonable approximation to compute the wavevector provided pa Q 1, namely, provided the wavelength is much longer than the radius of the dis-charge 1283,2841. Radial density variations are important, however, in computing the electric fields for finite u.,/w [285,286]. Zethoff and Kortshagen 12861 have discussed the highly collisional regime (u,,/w S-1) in some detail.
The axisymmetric m = 0 mode is the one most commonly modelled and studied experimentally. This is a TM mode, with the only non-zero electromagnetic components being (E,, H,, Ex) . Applying the boundary conditions of continuity of He and E, at each cylindrical interface (plasma-glass, glass-air), a dispersion relation is obtained in the form of a determinant D ( w , k , E. ) = 0 (5. 16) where tie is the radially averaged electron density. The form of this determinant has been computed for an infinite air boundary [287] and one in which the air boundary is limited by a conducting cylinder 12881. Ferreira 12891 coupled these solutions with a set of fluid equations for the electrons assuming a Maxwellian EEDF, to obtain the power balance in these discharges. In order to compute the total power balance, the discharge is divided into a number of slabs of length dz, over which the electron density is assumed constant. Zhelyazkov and Benova [287] computed the axial power balance and density profile from the Poynting vector. Glaude ef al [290] derived an expression for dnJd z trom the discharge maintenance condition (assuming one-step ionization) 2a(r)P(r) = L = na20iie (5.17) dP(z) P'(r) = -= -d z where P(z) is the surface-wave power crossing the plane z, L(r) is the power per unit length required to maintain a discharge of average electron density tie and 0 is the power required to maintain an ion-electron pair, assumed to be independent of density. Equation 
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above mudcis a~c iiivaiid i C iiic axiai licnsiiy gradient is large relative to the wavelength. This always occurs at the end of the discharge, but this region generally represents a small amount of the absorbed power and may be ignored. In some discharges at high pressure and low applied frequency [302] , large axial gradients may exist over the whole discharge, but this case has yet to be treated in a detailed model. Gradov and Stenflo [303] considered electrostatic surface waves on a plasma with a large axial gradient and obtained eigenvalue solutions in particular cases, and this formalism has been extended by Lister and Robinson 13041 to include the effects of collisions on the propagating wave. Nonlinear effects in SWD have been discussed by Shivarova 12041. Even small axial gradients may not be tolerable for certain applications such as lighting, and Wolinska-Szatkowska [305] has modelled a standing wave produced in a discharge when a launcher is placed at each end of the discharge, to produce an axially uniform electron density gradient.
The However, for the m = 1 mode, CY increases with wee/ w , indicating higher electron densities. The radial profiles are also altered by the magnetic field, which permits relatively homogeneous excited state atomic densities at higher pressures, which is an advantage for plasma processing.
Conclusions
The foregoing sections have illustrated the current depth and variety of numerical modelling of low-pressure discharges. A great deal of insight into the behaviour of these discharges has now been obtained, although a number of fundamental questions still remain unresolved. Perhaps the greatest handicap to the wider application of these models for detailed simulation of these discharges is the shortage of reliable measurements of atomic and molecular cross sections, although great progress has also been made in this area in recent years.
Numerical modelling is essentially a support facility for experimental programmes, both in helping to explain experimental results and assisting in the planning of new experiments. In addition to the rapid development of fast and accessible computer facilities, in the last decade particularly, there has been a parallel development in sophisticated diagnostic techniques which enable verification of many of the theoretical predictions and assumptions. This has culminated in a number of collaborative projects, in particular the GEC reference reactor [208], which is being used to compare and contrast results from a number of different experimental and numerical research programmes in CCD.
The increasing use of sophisticated and computer intensive numerical techniques such as PIC should provide much more detailed information regarding the physics of LPD. However, a large number of codes have been developed which, although containing less detail, are able to provide valuable information on scaling laws and global discharge behaviour. Such fundamental building blocks will become essential as discharge geometries become more complex and include magnetic fields. Numerical modelling is thus assured of a long and exciting future. ..
